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This paper deals with the asymptotic stability of the null solution of a semilinear 
partial differential equation. The La Salle Invariance Principle has been used to 
obtain the stability results. The first result is given under quite general hypotheses 
assuming only the precompactness of the orbits and the local existence. In the 
second part, under some restrictions, sufficient conditions for precompactness of the 
orbits and decay of solutions are given. An existence and uniqueness theorem is 
proved in the Appendix. Some examples are given. c 1984 Academic Press, Inc. 
Many phenomena in theoretical physics and nonlinear mechanics can be 
described by means of nonlinear hyperbolic equations and in particular by 
equations of wave type. This kind of equation arises naturally in scalar field 
theory (see Berestycki-Lions [4] and Cazenave [8]) and vibrating membrane 
theory (see the references in Amerio-Prousse [ I] and Haraux [ 161). This 
paper is devoted to investigating the asymptotic properties of the solutions 
and their stability in the Liapunov sense. For this purpose we shall make 
suitable dissipativness conditions on the nonlinear terms. These hypotheses 
allow the presence of significance nonlinearities also for the nondissipative 
part. For instance, it is possible to study in a three-dimensional space 
equations of cubic type having a cubic dissipative term added. 
An important tool in this framework is the use of Liapunov functionals 
along the lines of the Barbashin-Krasovskii [3] theorem and the La Salle 
invariance principle (see also Hale [ 141, Henry [ 171 and Dafermos [9, lo]). 
The wave equation with dissipative terms is also studied in Haraux [ 161 and 
Webb [28]. 
Section 2 of this paper is concerned with general asymptotic stability 
results under the assumptions of the precompactness of the orbits. In the 
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third part we shall give some results regarding sufficient conditions to get the 
precompactness. 
In Section 4 estimates obtained in Section 3 are used to prove the decay 
estimates. 
Let us denote by R an open bounded subset of RN with 80 sufficiently 
regular. Let ~tl be an integer number, m > 1, we shall define 
D(A) = H:(a) n H*m(f2) 
Moreover assume that aa,o are C” real-valued functions such that 
In addition we shall assume A = A *, that is, aa,o = u~,~. In the following we 
shall denote by 
(0.3) 
and by 
Given two Banach spaces B,, B, both embedded in a topological vector 
space Z we shall denote by 
[Bo,BlIc+ CJ E [O, 1 I (0.5) 
the complex interpolation space between B, and B, (see Adams [2, Chap. 
VII-7.641). Then for all h, k E N, p > 1, 
[fpqq; pq-q], = H”-“‘k+“yf2). P-6) 
Finally, if A: R, -+ R, is an N-function satisfying the A, condition near 
infinity (see Adams [2, Chap. VIII-8.7]), we shall denote by LA(Q) the 
Orlicz space endowed by the Luxenburg norm 
]u],,,=inf{l>O:],A(;1-‘]u(x)()du<l}. (O-7) 
505/55/l-3 
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We say that B dominates A near infinity if there exists t, > 0 and c > 0 such 
that for all c > t, 
A(t) <B(d). 
In this case LB(a) is continuously embedded in LA(a) and 
1. POSITION OF THE PROBLEM 
Let us consider a continuous differentiable mapping f: J2 X R X [R -+ R. 
We are interested in the following semilinear equation: 
2 (t, x) + (Au)(c x> =f (x, ~(6 x), $ (6 4) 
u(O, x) = &>, 2 (6 x) = v(x), XEQ, t>o (H) 
g (t, x) = 0, x E i%2, t > 0, k = 0 ,..., m - 1. 
Since A is a positive self-adjoint linear operator on L’(s2) there exists the 
operator A ‘f2 which is positive and self-adjoint too. Using the strongly 
continuous semigroup {eCtA : t > 0} generated by -A one has the following 
representation formula 
A”*u =r(1/2)-’ jOm e-fat-1’2u dt (1.1) 
for all u E D,,2 = Domain of A”* (see Friedman [ 131). It is usual to write 
(H) to a system. Denote by 
I 
7 
W+'-l= (W (.A t))' 
(1.2) 
then 
; W) = (QWW + F(Vt)) 
WY = (VT WI’. 
(1.3) 
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It is well known that Q generates a strongly continuous group {G(t): t E R} 
on the Hilbert space 
X= D,,, @L*(Q) (l-4) 
endowed with the norm 
I(% ‘A.:= IA”*di,2 + IWL (1.5) 
The paper of Segal provides existence and uniqueness results of “mild” and 
classical solutions (see [26]). 
2. ASYMPTOTIC STABILITY 
In this paragraph we shall make use of the definition of semiflow and orbit 
(positive semiorbit) and the ideas of stability and asymptotic stability. We 
refer to the book of Henry [ 171 and the notes of Salvadori [25]. Moreover 
recall that 
DEFINITION (2.1). Let {S(t): t > 0) be a semiflow on the matric space 
M. A Liapunov functional for S(.) is a real-valued map V on M such that 
P(x) = lim ;up t-l{ V(S(t)x) - V(x)} < 0 
++ 
(2.1) 
for all x E M. 
PROPOSITION (2.2). Let S(.) be a semtjlow on the Banach space M. 
Suppose that V is a continuous Liapunov functional on M, V(0) = 0 and 
V(x) 2 44) f or all x E M, where c is a continuous strictly increasing 
function, c(0) = 0. Therefore x = 0 is Liapunov stable. 
PROPOSITION (2.3) (Invariance Principle). Assume each bounded orbit 
is precompact. If there exists a continuous Liapunov functional V such that 
V(0) = 0, let 
s = {x E M: V(x) = 0) P-2) 
and P be the largest positively invariant set in S (that is, the largest subset of 
S such that S(t)x E P for all t > 0 provided x E P). Then 
lim dist(S(t)x, P) = 0. (2.3) t++cc 
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Remark. If V verifies the hypotheses of both of the above propositions P 
is asymptotically stable and attracts the whole space M. We want to apply 
this theory to our equation (H) using the Liapunov functional 
c4 w> = I !4;,* + IA 1’2Plo2,2 -  J, /o”x)f(x, u, 0) da dx. (2.4) 
The following lemmas will be useful in proving the continuity of the 
functional V in the norm of X. 
LEMMA (2.4). Assume that f(x, u, 0) is measurable in x and continuous 
in u. Moreover there exist p, y E I?, p - 1 > y, p > 2, y > 1 and two functions 
a, E Lp’@‘)(12), a, E Lp’@-y-‘)(fi), a, > 0 such that 
-(a,(x)+a2(x)IuIY-1)~u-tf(x,u,0)~0, u # 0. P-5 > 
Then the Nemytskii operator 
f(u)(x) =f(x, 4x>, 0) 
is continuous from L”(Q) to Lp’(12) and’ 
I.f(~>l~.~~ G (7~~ Q>h lovp’@-2) 140,p + la210,p,~-y-,~ I 4oY,pl. (2.6) 
Proof: For each I > 0 denote by 
u,(x) = I 
4x> if ) u(x)1 > I 
0 if /u(x)1 < k (2.7) 
Therefore 
l2* = {x E 52: ) u(x)1 > A}. 
i P-(x, u,(x)> O)lp’ dx n 
= _ ftx, ‘*tx>, ‘1 ” Iun(x)l”’ dx UA(X) I 
Since If(x, u,(x), 0) Q If@, u(x), O)l, by Lebesgue convergence theorem we 
get (2.6). 
’ Let us denoted by p’ =p/(p - 1). 
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LEMMA (2.5). Under the above hypotheses denote by 
G(u) = j- dx ~“‘x)f(x, t, 0) d<. (2.8) 
R 0 
Then Qi is continuously dlrerentiable from Lp(12) to R. Moreover 
grad Q(u) = f(u). P9) 
Prooj The differentiability can be found in Krasnoselskii [18]. 
LEMMA (2.6). If the above hypotheses on f are fulfilled and either 
(i) N > 2m and 2 ,<p < 2N/(N - 2m) 
or 
(ii) N< 2m and 2 <p 
@ is continuous from D,,2 to R. 
Proof. By the Sobolev embedding theorem one has 
lulo,pG Go I4m.z~ u E D(A), Go > 0 (2.10) 
provided that p < 2N/(N - 2m), N > 2m. 
Denote by LA(R) the Orlicz space given by the N-function A(t) = 
exp(t*) - 1, thus-if N = 2m 
LP(0) 3 L, (l2) 3 HmJ(R) 
for all p > 2. 
Therefore for all u E D(A) and N > 2m, it follows 
I4o.p G G, blm,29 G, >O. 
In the case N < 2m the foregoing inequality 
Hrn(Q) c CO(fi). 
(2.11) 
(2.10’) 
follows easily since 
Since A is a positive self-adjoint linear operator one gets 
D*,2 = P@P2m,,* (2.12) 
(see Lions-Magenes (20, Proposition 2.1, Chap. I]). 
But D(A) is continuously embedded in H2m(R) therefore [D(A); L2(Q)ll12 
is continuously embedded in [Hzm(,f2); L’(Q)] 1,2 = H*“(0). Hence it follows 
I u Irn,* < const ]A 1’2u ]o,2. 
Then @ is continuous from D,,* to IF?. 
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THEOREM (2.7). Suppose that on a certain interval [0, T], T > 0, there 
exists a unique classical solution 
for any initial datum (q, I,U) E D(Q). 
Assume that f is continuous, f(., 0,O) = 0, and the following hypotheses 
are fulJilled: 
(i) There exist a, E Lp”p-2’(Q), a2 E Lp’@- Y- “(52); a, > 0, a2 > 0, 
l<y<p-l,suchthatforallxE~,u#Oonehas 
-{a,(x)+a2(x)IuJY-1}~u-lf(x,u,0)~0 (2.13) 
where p has the properties given in Lemma (2.6). 
(ii) There exists b > 0 such that 
v-‘{f(x, u, 0) -f(x, u,O)} G-b 14p-2, XER, v#O. (2.14) 
Then (0,O) is a stable equilibrium point of X. 
Moreover if each bounded orbit is precompact in the X topology the global 
existence of the solutions holds. If b > 0 and 0 is in the resolvent set of A 
then (0,O) is asymptotically stable in X. Finally, one has: 
(a) lim,++, IA 1’24t)lo,2 = 0, lim,++ m I MIo,2 = 0. (2.15) 
(b) IfN < 2m, u(t) E Co@) for all t > 0 and lim,,, co I u(t)]o,a, = 0. 
(2.16) 
(c) IfN > 2m, letp E [2, 2N/(N - am)], then liml++oo (u(t)],,, = 0. 
(2.16’) 
(d) If N = 2m, let LA(Q) be the Orlicz space given by A(t) = 
-1 + exp(t2), then lim,,,, Iu(t)(o,p = lim,,,, ]u(t)h, = 0 for allp > 2. 
(2.17) 
Proof. Let us consider the functional V stated in (2.4) 
WP, w> = M;,2 + IA 1’2di,2 - 2@(yl). 
For all A > 0, rp E C:(Q), let fiA = {x E R: Iv(x)1 > A}, then 
-2@(qJ = -2 j 
0.i 
j1 #A(x) f(x, 4,(x>, 0) do dx 
0 
= - 2 j 
Q.l 
4’(x) j’ a{(a#,(x))-‘f(x, obi~(x), O)} do dx 2 0. 
0 
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Using the Lebesgue convergence theorem it follows 
-2@,(rp) > 0. (2.18) 
Therefore for all cp E D,,* and w  E L ‘(.f2) 
~(cp~W)> Iw’*~li,* + Iwl~,** (2.19) 
Moreover by Lemma (2.6) V is continuous from D1,* @ L*(n) to R. Now 
we have to investigate the functional v(p, w). One has 
I$, y) = -2 I, t&)./-(x, v(x), 0) dx + 2 I, .I-@, cp(x>, ~4)) ‘Y(X) dx 
(2.20) 
< -2b 
1 yp (x) dx. n 
Then for all (q, w) E D(Q), ~(‘(cP, w) < 0. Hence (0,O) is stable. Since the 
map t E IF? -+ V(u(t), u(t)) is nonincreasing it follows 
as long as the solutions exist. The above inequality can be seen as an “a 
priori estimate” for the solution. Since we assumed the precompactness of 
the orbits a standard continuation argument provides the global existence of 
the solutions. By (2.20) one has 
S = {(q, w) E D(Q): f’(q, w) = 01 = {(v, w): w  = 0). (2.21) 
We shall prove now that the largest invariant set P E S is (0,O). Denote by 
(u-(t), u-(t)) the solution having initial datum ((p^, 0) E S. If p,^ # 0 we will 
prove the solution gets outside S for some i > 0. Indeed one has 
lim;yp i 2 u-(t, x) u-(t, x) dx --t R at 
= -Ilirn+ I.4 “*uA(t)l~,, (2.22) 
+ lim l-lo+ I, u^(t, x)f(x, u-Q, xl, u-(t> x)) dx = -IA "2#- l;,2. 
Therefore, since 
(2.23) 
< lim I-1o+ jQ ; u-Q, x) u-(6 x) dx = -IA “*P- Ii,, 
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it follows 
l’;“,l;“f $ v-(t) 
+ I I 
o,2 2 ,,A!l,2,, I~“*do,*. 
If (p-, 0) is in a positively invariant subset of S, one has v-(t) z 0, for all 
t > 0. Then (a/at) v-(t) = 0 which contradicts (2.24) if q- # 0 (since 0 is in 
the resolvent set of A). 
Remark. When N < 2m the hypothesis (2.13) can be weakened. We can 
assume 
u - ‘j-(x, u, 0) < 0, uzo, XER. (2.13’) 
Indeed in this case one has the continuity of @ with respect to the D,,* norm 
with no power limitation on the growth off. Let {q,) be a sequence in D,,2 
converging to q E D,,* in the A”* graph norm, since C”(fi) 1 D,,, 
(continuous embedding) then q,, --) q uniformly in fi and 
@(cp,,)- Q(p) as n + +co. (2.25) 
The above results can be used to investigate the decay and the boundedness 
of the Faedo-Galerkin approximations. 
Let us consider indeed an orthonormal basis for L*(R), say, {ek} c D(A). 
Define 
m 
Urn(c) = y gj,,(t) ej 
,Tl 
(2.26) 
where gj,(t) are the solutions of the ordinary differential system 
u; + Au, =f(x, u,, u;), 
au 
24’ ‘at 
j=l 
U;(O) = f (W, ej) ej. 
j=l 
(2.27) 
PROPOSITION (2.8). If the above hypotheses are fulJlled one has 
lim (A 1’2u,(t)lo,, = 0, lim 
t++CC t++cO 
1 ~;(f)(~,~ = 0 (2.28) 
and there exists C > 0 (independent from m) such that for all t > 0 
IA 1’2Um(410,2 < C, I &&)l0,2 G c- (2.29) 
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Proof. Let us consider the above Liapunov functional; if we compute p 
along the trajectories of (2.27) it follows 
(2.30) 
Then using the same arguments of Theorem (2.7) it follows (2.28). By (2.30) 
we obtain 
(2.3 1) 
But W,,#% ~~(0)) -+ V(P, w> since V is continuous, then (2.29) holds. 
3. PRECOMPACTNESS OF THE ORBITS 
In this section we assume the local existence and the uniqueness of 
classical solutions to (H). That is, for all initial data in o(Q) and for all 
T > 0 there exists a unique solution u E H*(O, T; L*) n C’(0, T; D1,*) n 
C(0, T, D(A)) and the Galerkin approximations converge in L*(O, T, X).* In 
the Appendix we show that this follows from our estimates on the Galerkin 
approximations. 
We are interested here in giving sufficient conditions in order to have the 
precompactness of the orbits in the norm of X. The estimates obtained here 
are strictly related with those used for the existence of almost periodic 
solutions (see AmerieProuse [l] and Haraux [ 161). Also in this case, the 
idea is to get estimates on the higher-order derivatives, differentiating the 
equation with respect to t. In this case if we try to apply the “processes 
theory” (see Dafermos [9, lo]) to this new equation, we have to require 
aflav to be bounded, that is, a sublinear dissipative term. This case has been 
studied, with different techniques, by Webb [28] and Narazaki [23]. If we 
have superlinearity in the dissipation without nonlinear term in u the 
estimates are given in Amerio-Prouse [I] and Haraux [ 15, 161. 
Our goal has been to find estimates of this kind in presence of superlinear 
terms both in u and u’. 
We shall make use of a simple inequality. If v is a nonnegative real-valued 
function and 
v(t) G Cl $23 + c29 C,,C,>O 
thus r,(t) < const. 
’ If V is a Banach space, C(0, T, V) is the space of continuous maps from [0, T] to V 
endowed with the sup norm. 
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PROPOSITION (3.1). Assume that p = 2N/(N - 2m) ifN > 2m or 2 <p if 
N < 2m. Moreover let 
j-(x, u, v> = h(x, u) + g(x, v), XEJT; U,UE R. (3.1) 
In addition let f be continuously differentiable and 
(ah/au) < 0 (W~v) < 0. (3.2) 
If the following growth conditions are fulfilled3 
(i) ~‘“;-“?“i, C,(l + /u lp’2>, I@Wu)(x, u>l< C,(l f Iu 14’2>, 
1, 2 ) 
(3.3) 
(ii) there exists p > 0 such that q(l + (l/@)<p and q<p - 2 
-C,(l +~2,~-‘+P’2)<<-‘g(x,v)<-c,(1 +lu1Q VfO 
wav>(x, v> < --c,(l + 10 lb>, c,, c, > 0 
(3.4) 
then the Galerkin approximations verifv the following estimates. There exists 
K > 0 independent from t and m such that 
I Ufh,2 G KY IA 1’2$n(t)l,,, < K, l%,Mo,, G K. (3.5) 
Proof: Denote by Ym(t, .) = (u,(t, e), u&(t, e)’ (t means transposed). 
Then it follows 
C,(t, x> + (A Y,,J(t, x) = G(x, Y,,,(t, x)) Y&(6 x> + F(x, Y,&, xl> (3.6) 
where we set 
m, u, v> = (f (4 u, v), OY, F,(x, u, v) = (f (4 u, 01, 0)’ (3.7) 
G(x, u, v> = [ $-;;;;i$ ;;j. (3.8) 
Let us define the energy function 
%(t) = I Y&)li,z + IA “*vn<t%,2 - 2@@,0))* (3.9) 
’ Actually the hypothesis (3.4) can be weakened (see Remark A.3)). 
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Our goal is to show that E,(t) is bounded independently from m. It follows 
G-c, I (luL#, xl2 + I C,(L x)1*)(1 G(t, x>la> dx R 
=- ; i, Q(t, 4 dx < + I, ( / $ (x, ~,,&x)) 1 
- 2c,(l + Iu~(t,x)l’) 
) 
(I@&,x)~~ + IuL(t,x>l*>dx- 
Denote by 
n+(t)= xEi2: I I g (4 &(4 x)> 2 2C4(IgJ(4 x)lD + 1) / (3.11) 
K(l) = .n\a+(t) 
and if n E N 
JP’(t) = x E Q-(t)* Ff (x, Id,@, x)) > 2c&&(t, x)14 + 1) - $ 
I *lau // 1 
S-(t) =n\(n+(t)Ui2!?(t)). (3.11’) 
Therefore 
+$c Q<t, x> dx. 0 -to 
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For all x E O+(t) one has 
Then 
I q&, x)1 < c(l + I U,(4 x)/q’20) 
and we get 
1 
z 
Q<t, x) dx 
<;J’ n+(f) (1 + Iu,&, x)l”“)(l + Iu,(~,x)/~‘*~) Iu;(t,x)l dx 
- c4 {I $A XI’ + I G(f, 4l’I dx 
(3.13) 
(3.14) 
95 I j (1 + I%?&~ xl fl +(O 4(1+1’0))dx/ “* j jn+,,, lu;(r,x)l*dx! “* 
- c4 I IKW>l* + IG(Wl*l dx. (3.15) R + (t) 
Therefore it follows 
I, 
+ 
(t) QW)dxGcd%%c, i,+,,, Il~~(od* + IU~4*1 dx (3.16) 
where c is independent from t and m. 
Let us consider now the other terms in (3.12); one has 
1 
T i- R,“‘(t),n’“+,‘ct, Q(wW G - +b jot,i(t,,ol.+,j(r, {lua(~,x)I’+l~~(t,x)l*}dx 
(3.17) 
1 
z 
j fiw Q(t,x)dx<-? I,,,, {luh(t,x)l* t~u;(t,x)~*}dx. (3.18) 
Finally, we obtain 
f~%(O<qbi@--4 I, {I~~(~,x)l* t IG(W’P. (3.19) 
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From Eq. (3.6) we get 
u:(t, x) t (Au#,x) 
= g (x, U&,X>) q&x) + g (x, uk(t, x)) qt, x). 
Multiplying by u&(t), it follows 
(3.20) 
Then if we denote by J(u) = J”: g(w) dw 
(3.21) 
=- ; (3.22) 
In this way we get 
d 
z fi [j 
J(x, $(c x)) - $&, x) g(x, $(f, x))} dx + IA 1’2~~(~)1~,2 1 
= 
( 
g c.7 %lw> $t(t>, %x9> + l4x~)l~,2 
- $ w&), u,(l)). (3.23) 
Let us consider now 
4&O = i, {4x, &(A x)) - %,th xl gtx, $th x>>) dx. (3.24) 
Since g is a monotone decreasing function E,(t) > 0 for all t > 0. Moreover 
let 
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and it follows 
(3.25) 
< const(a + 1) - cJ,(t) - f (z&(t), uZ(t)). 
Now two cases are possible. In the former 
const(\/E,o + 1) - cSEm(f) < 0. (3.26) 
Then 
where K is independent from m. 
Thus 
@,(f) < K + const / ~i(t)l~,~ < const( 1 + m) 
< const(1 + @JF)). 
So H,(t) is bounded by a constant independent from m. In the latter case 
c5Em(t) < const(&jj@ + 1). (3.27) 
Then E,(t) is bounded by a constant independent from m. In both cases we 
found a constant C > 0 independent from m such that 
for all t > 0. 
Moreover 
In the case N < 2m the sup norm is dominated by the D1,2 norm, therefore it 
is possible to change the hypotheses of the above proposition in the following 
way. 
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PROPOSITION (3.2). Assume that f is continuously dzfirentiable and 
verifies the hypotheses of Theorem (2.7). If in addition 
f(x, u, v) = 4x9 u) + g(x, v), XEfi, u,vElR 
ah 
au< 0, $b<O 
(3.28) 
then the Galerkin approximations verzyy the estimates 
I @X%2 G k IA “*@,,(t)l,,,2 < k IbnWl G k 
where k > 0 is independent from m and t. 
Proof. Denote by 
(3.5)’ 
K,,(t) = I Gz(t)li,, + IA “*Ut>li,2 
H,(t) = i, J(x, G(t, x)> dx - (id-, UO), z4,t(t)) 
where J(v) = si g(w) dw. 
Then one has 
(3.29) 
+ $ E,(t) = (g (*, %Jt)> 4&), G(t)) 
(3.30) 
f H,(t) = I u;(t)l* - IA “‘u~(t>l’ t (g (*, u,(t)) z&(t), u;(t)). (3.3 1) 
In this way we get for all E > 0 
where 
+ E I u;(t)l* - E IA “*z&(t)l* (3.32) 
a=2sup 1 ~~(X,U)~:XtR,~u/<C~ (3.33) 
and C is the constant given in Proposition (2.8). If E = b it follows 
(3.34) 
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Using (3.34) we wish to prove the boundedness of E, + bH, independently 
from m and t. 
Indeed there exists c,, > 0 independent from m and t such that 
H,(t) > <GXt>, am < -co @i-i@. 
Hence we get 
(3.35) 
E,(t) + bH,W > E,(t) - co d%%. 
If for some r > 0 one has 
E,(7) + bH,(z) < 0 
then 
VRFkco. 
(3.36) 
For this reason it follows, for all t > 0, 
E,(t) + bH,(t) > -c;. (3.37) 
Assume there exists p > 0 such that 
$1E,@) + bH,@)} >0 (3.38) 
then by (3.34) one has 
Therefore 
v’%@ < b/a. (3.39) 
su~llnk@, x)1: x E 6) Q cl I~“*~~@)(,,, < c,(b/a) (3.40) 
and we can find a positive constant cz independent from m and such that 
IH,@I Q sup{lQl (J(x, v> - vg(x, v)): Iul< c,(b/a), x E fi} 
+ dW d%@ G c2. (3.41) 
Then for all t > 0 
(E,(t) + bH,(t)( < sup{b2/a2 + bc2, E,(O) + bH,(O), ci}. (3.42) 
Since (D E D(A), w  E D,,, we can choose a basis {ej} so that 
Au,(O) -+ 4~ in L*(Q) (3.43) 
A “‘u;(O) -+ A “‘I// in L’(0) 
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as m -+ co. Then E,(O) and H,(O) are bounded independently from m and 
we can find a constant K, > 0 so that, for all t > 0 and m EN, 
IEm@) + bHnG)l G kM IEm WI 4 kl* (3.44) 
Moreover let 
M,=sup{lh(x,u)l:xEBlul~C} (3.45) 
M,=sup{lg(x,v>l:xE~,lIvl~c,~} 
and it follows 
I%&I~,2 G Mt>li,* f M: IQI + M: IQI. (3.46) 
We shall prove now that the precompactness of the orbits follows from 
our estimates on the Galerkin approximations and from the existence and 
uniqueness of the solution (see also the Appendix). 
PROPOSITION (3.3). Assume (H) has a unique classical solution such 
that, for all (q, ty) E D(Q) and for all T > 0, 
u E H*(O, T, L*(R)) n C’(0, T; D1,*) n C(0, T; D(A)) 
u’ E H’(0, T; L*(G)) n C(0, T; D1,*) 
(3.47) 
and 
u,+u in L”O(0, T, D1,*) 
U:,-+U’ in L”O(0, T, L*(B)). 
Moreover there exists K > 0 such that 
kW)l,,, G K 
for all t > 0. Then 
IA 1’2Wl,,, <K, 1 u”(%,, < K 
Y+(g, w) = {(u(t), u’(t)> E x: t 2 01 
is precompact in X. 
ProoJ There exists a subsequence u,, of u, such that 
Au .-Au mJ in L”(0, T, L’(J2)) weak star 
A 9, ,L A 13, mJ in L”O(0, T, L*(n)) weak star. 
Indeed L”O(0, T, L*(G)) is the dual of L’(0, T, L*(Q)) and A is a closed 
SQ5/55/1-4 
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operator. Then by the semicontinuity of the norm of Lm(O, T, L’(G)) with 
respect to the weak star topology 
4. DECAY ESTIMATES 
Let us assume that for all initial data (4, w) E D(Q) there exists a unique 
solution 
(u, UJ E C(0, T; o(Q)> n C’(0, T; X) 
and a constant K > 0 depending from (4, w) such that the “a priori” bounds 
of Proposition (3.3) hold. 
PROPOSITION (4.1). Assume f verifv the following hypotheses: 
(i) for all 2~ E R, x E Q 
(ii) for all u, v E R, v # 0, x E R 
-d(l +~v~“-2)~v-‘{f(x,u,v)-f(x,u,0)}~-b(v~P-2 
where b, d > 0. 
Therefore 
b@)l;,, = q- ‘9, (A”*u(t)l;,, = O(t-““) as t-++co. 
Proof. Denote by 
where V is the Liapunov functional given in (2.4). Therefore 
I o+ O” I ut(s)l;,, ds < b - ‘E(0). 
Let us define 
E,(t) = J u(4 x) ut(t, x> dx R 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 
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then 
EIW G I um,* - IA 1’Zwl;,2 + (.I-(*, 447 Oh u(t)) 
+ (f(*, 4% a>) -f(*, 49, O), 49). 
From hypotheses (4.1) and (4.2) one has 
El(t) 4 I mlL - IA 1’2z4(t)l:,, + 2@(u(t)) 
+ u-(*9 m u,(t)> -f(*, @>9 O), u(t)) 
4 2 I %@)li,2 - w 
Using the monotonicity of E(t) and (4.7) 
(4.7) 
(4.8) 
+dfi ~l~~(s,x)Il~(~,~)I+(u~(~,~)lp-‘I~(~,~~IJ~~~~. 
0 R 
Now there exists Co > 0 such that 
E,(O) -E,(t) G /4lo,2 lwlo.2 + l@)lo,, M~)lo,, G Co (4.9) 
and let Q, = Q X (0, t) and we can find C, > 0 such that 
ib’ I @)I;,2 ds = j-Q, I@ XII I ds, XI dx ds 
DJ UP < Q, Iu,(s, XII” dx ds I w IIP’ I u,(s, XII”’ dx ds Q1 1 
(4.10) 
< b-“p’E(0)l’P 
< b-‘/P’E(O)l/P IQ/‘-““’ E(O)P’/2 t’/P’ 
Moreover there exists C,, C,, C,, C, > 0 such that 
I( I & x>l I u,(s, XII dx ds Qf 
G 1 ; I G>lo,2 I Wlo.2 ds 
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1 
l/P 
< I u,(s> XII” h ds / u (s, x)1” dx ds (4.12) 
< C,b-l’P’E(0)“P’ E(0)p’Z t’lP < C,t’lP’. 
Therefore by (4.9)-(4.12) and by (4.8) one has 
E(t)t < C, + C,tl’P’ + C3t1ipt-“p’ + C,t’l”‘. 
Since l/p’ < j < l/p one has 
E(t)t < C, + C, t’l”‘. 
Therefore E(t) = O(t-“p) as t + +co. 
APPENDIX 
We wish to prove the existence and the uniqueness of the classical 
solutions (H), under the hypotheses of Propositions (3.1) and (3.2). 
The first result is concerned with the existence of a solution. 
PROPOSITION (A.l). Under the hypotheses of Propositions (3.1) and 
(3.2), if we assume the initial datum in D(Q) then for all T > 0 there exists a 
solution 
u EH2(0,T,LZ(~))nC'(0, T, D1,J nC(0, T, D(A)) (A.11 
u’ E H’(0, T; L’(R)) n C(0, T; D,,,) 
such that 
U,-+U in L”O(0, T; D,,,) 
U:,-bU' in L”O(0, T, L2(f2)). 
Proof. Let us denote by 
II u llT,2 = ess sup{lu(t)lo,2: t E 1% TI I 
the norm of L”O(0, T; L*(R)) and by 
Ilull T,1,2 = ess ~up{lA"~Wl~,~: tE [O, Tl} 
the norm of L”O(0, T, D,,,). 
(A.21 
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By the estimate l]Ai~]]~.r <K we obtain a subsequence denoted {u,} again, 
such that 
Au,,, -Au 
A I/$; -A I/$! 
where u E LW(O, T, Or,*). 
Moreover 
in LW(O, P,L*(R)) weak star 
in L “O(0, T, L’(G)) weak star 
ess sup I fe[o,u R 
I h(x, u&, x>) - 4.~ u(t, x))l dx 
l < ess sup 
jj I 
z (x, %(G x)) + fqu(t, x) - U&, x)) 
feIo,Tl 6) 0 au 
x I u,&, x) - u(t, x)1 d,l dx 
< c2 I (1 + I U& ,)I”” - l + I u(t, x) - U&, x)]p’*- ‘) n 
x I u& x) - u(t, x)1 dx (A-4) 
< const 
11 
R I u,&, x> - u(f, x)1 dx + i, I u,,#, x)1 @- 2)‘2 
x / u,(t, x) - u(t, x)1 dx + j 
R 
I u,,,(t, x) - u(t, x)1”” dx[ 
G const lb - 4T,1,2. 
Therefore there exists a subsequence of {u,} such that 
w, U,(k x)) --) h(x, 46 x)) a.e. (f, x) E (0, 7) X a. 
Moreover there exists K, > 0 such that 
II wJr,* Q 4 * 
(A-5) 
64.6) 
Then by Lions [29, p. 12, Lemma (1.3)] it follows 
0,) - h(u) in L2(0, T, L’(Q)) weak. 
Let us consider now the other estimates. 
By llA”*u$ll <k we get a subsequence of {u;} such that 
A 141 m - A l12v in L”O(0, P,L*(R)) weak star 
l&+21 in Lm(O, T,L*(R)) 
where v E L”O(0, T, L*(D)). 
64.7) 
(A-f-9 
64.3) 
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Since d/dt is a closed operator on La‘(O, T, L’(Q)) it follows 
and 
v=u’ a.e. in (4 x) E (0, T) x 0 
‘4 l/zu; -A l/Zul in L “(0, T, L’(Q)) weak star 
u:,+u’ in Lm(O, T, L’(Q)). 
(A.9) 
Finally, since 11 U; I(T+2 < K one has 
$fLU” in L”O(0, T; L2(R)) weak star. 
From 
24’ E L”O(O, T; D1,2), u” E L”O(0, T; L2(Q)) 
it follows 
24’ E qo, T; q/2), u E cl(o, T, II,,~) n C(0, T; D(A)). (A.lO) 
Moreover Au E C(0, T; L’(Q)). 
Choose I > 0 sufficiently small, then it follows 
I n Id x, $6 x>> - g(x, u’(t, x>>I’ dx < const II u - u, llT,2 
and 
II da, U-))IIT,2 < const. 
Then there exists a subsequence such that 
Hence 
id*, %I(->> - g(*, 4’)) in L’(O, T,L’(Q)) weak. 
u” + Au = h(u) + g(d). 
The next result is concerned with the uniqueness of the solution. Observe 
that the solution we found is the limit of the Galerkin approximations, and 
for this reason we got good estimates on the higher-order derivatives, but in 
general these estimates are not true for whatever a solution. The next 
uniqueness result say that all the classical solutions are limits of finite- 
dimensional approximations so they have such good estimate. 
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PROPOSITION (A.2). Let u the above solution and 
v E H*(O, T; L*(Q)) n C’(0, T; Ill,*) n C(0, T, D(A)) 
v’ E H’(O, T; L*(f2))n C(0, T;D,,,) 
another solution to (H) having the same initial datum (q, ty) E D(Q). Then 
for all t E [0, T] 
u(t, x) = v(t, x) a.e. in x E 0. 
Proof: Let us denote by z = u - v. Then z verifies the equation 
z”(t) + AZ(t) = h(., u(t)) - h(., v(t)) + g(., u’(t)) - g(., v’(t)) 
z(0) = 0, z’(0) = 0. 
(A.ll) 
Multiplying by z’ we get 
~conW'Wlo,2 + lu(t)lY,;*'* 14t)l,,p t lHt)li!~ Iz'(910,2}. 
Let e(t) = +(IA 1’2z(t)l~,2 t Iz’(t)li,2), then 
e’(t) < const(e(t) t e(t)P’2) 
e(0) = 0, e(t) > 0. 
By the theory of differential inequality e(t) = 0, for all t > 0. 
(A. 12) 
Remark (A.3). The hypothesis (3.4) in Prop. (3.1) can be weakened in 
he following way. Let us assume q =p - 2, j3 = (p/2) - 1 and the existence 
of two positive constants c3, c, such that 
-c3(1 + lvl@‘2)-’ )<v-1g(x,v)<-c41vy*)-1, VfO 
2 (x,v)<-c,IvI@‘*)-l. 
(A.13) 
Then the orbits are precompact also in this case. 
Indeed let us consider the approximating equation 
uf + Au, = h(u,) + g(u:) - EU;, UJO) = u(O), u:(o) = u’(0) 
for all E > 0. 
(A. 14) 
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It is easy to see that 
I W)li,* + IA %(% (A.15) 
is boundended uniformly in t and E. 
Moreover the Proposition (3.1) and the existence theorem (A.2) can be 
applied to the approximating equation (A.14) in order to get a smooth 
solutions net { (UE, u:)},,,. 
By formula (3.25) applied to these perturbed problems we find a positive 
constant c > 0 such that 
Hence it follows 
fW) + C4W), W)) < m) t c&'(O), u','(O)) 
t c i,' \/EE<s> ds. 
(A.16) 
(A.17) 
Therefore there exist a, b > 0 independent of E, such that 
E,(t) < a I' m ds + b. 
0 
(A.18) 
Then for all T > 0 there exists c(T) > 0, independent of E, such that 
sup{E&): t E [0, T]} <c(T). (A.19) 
If we denote by (u,, uk) the Galerkin approximations for the unperturbed 
problem one has 
for all T > 0 and I E [0, T]. 
These “a priori” bounds on each compact interval [0, T] are sufficient to 
repeat the computations of Propositions (A.2) and (A.3) providing us the 
existence and the uniqueness of a smooth solution to our problem. Since the 
above estimates are not uniform in T, in general, they do not give any 
precompactness properties of the orbits. 
However, we will be able to obtain the precompactness by proving directly 
the convergence towards a suitable limit of each bounded sequence contained 
in the orbit. (Actually we will prove that each one of these sequences tends 
to zero.) 
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Arguing by contradiction, we assume that 
w  = tw@)l~,* + IA 1’2wl~,* - ww)l (A.21) 
does not converge to zero as t goes to infinity. 
Therefore, since p(t) < 0, it follows there exists u > 0 such that V(t) > CJ, 
for all t > 0. Let us denote by 
F(t) = W) + Y [(u(t), u’(t)) - 1’ (g@‘(s)), 4s)) ds], Y > 0 (A-22) 
0 
then one has 
fl’(t) < -cs Iwl~:*)+’ + rwwl;,2 - Iw’*wl~,21~ 
c5 = c, lpqI’“/“-‘I/@” 
(A.23) 
By standard calculus arguments we can prove that if z* + y* > 20 then there 
exist r(a) > 0 and c(a) > 0 such that 
-c,z@‘2)+1 + y(o)[ z*-y2]<-c(u)<0 (A.24) 
and hence it follows 
F,(t) < F(O) - c(O)t (A.25) 
for all t > 0. Moreover, since V(t) = -(g(u’), u’), there exists do > 0 such 
that 
do i +m l~‘(#o*‘+‘dt Qc, 1; Iu’(t)l:$$& dt< V(0). 
(A.26) 
0 
Using this inequality we can find two positive constants d,, d, such that 
IF(t)1 <d, + d2tP’@+*‘. (A.27) 
Thus it follows 
I WI = w (A.28) 
as t tends to infinity. Then by (A.25) we obtain 
which is clearly false. 
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EXAMPLES 
(A) Let Q be an open bounded subset of R3; we wish to study the 
equation 
u,,--du+u3+u:=o, 24, = au/at 
40, x) = v(x), a4 x> = v/(x> (E.1) 
u(t, x) = 0, xEa2, t>o. 
Then N = 3, m = 1, so that 2m > N. In order to apply Proposition (3.1) to 
this example we choose q = 4, /I = 2 and p = 6 = 2N/(N - 2m). Then for all 
initial data (q, w) E H’(Q) n H,$2) @ H:(Q) there exists a unique classical 
solution to (E.l) and moreover 
lim IDu(t)l,,, = 0, 
f++cO 
lim 1 u’(t)l,,, = 0, 
t-t+00 
D = grad. 
(B) Let J2 be a bounded open subset of R4, and let us consider the 
equation 
u,,+A*u +u’ +u;=O 
40, x> = yl(x), Ut(% x> = v(x) 
u(t, x) = 0 
(E.2) 
g (t, x) = 0 
if xEafi, t>O. 
In this case N = 4 and m = 2 then 2m = N. So that 2N/(N - 2m) = +co and 
p can be chosen in the interval [2, +co). 
Therefore h(u) = -u5, g(u) = -v’ imply q = 4 and p = 6. From the 
condition q(l + l/p) <p it follows p > 14/3. Moreover since we want 
I@)1 < 41 + lul”“> 
we need p > 10. But it is required also 
I k$J)l G 41 + 12, v’*) 
then p > 14. Hence by Proposition (3.1) one obtains the a priori estimates 
that ensure the existence of a unique classical solution for a smooth initial 
datum. In addition for any o > 2 
lim IAW>lo,2 = tli,m, lW)lo,, = 0 t++cu -+ 
lim 
I++00 
I u’(t)l,,, = 0. 
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(C) Let us consider now the following one-dimensional equation: 
utt + uxxxx = -ulg(lul+ l)-u,exp(uf) 
409 x) = P(X), Q, x) = v(x), t > 0, x E [O, 711 
u(t, 0) = u(t, 7c) = 0 
(E.3) 
u,(t, 0) = u*(t, 71) = 0. 
we can apply here Proposition (3.2) and we obtain a classical solution such 
that for all T > 0, u E C’(0, T, C[O, 7~1). Moreover 
lim l~(~)lo,m = 0, I++00 lim 1 z+(t)],,, = 0. t++CC 
Concluding remarks. Using the theory developed in Ball-Slemrod [30, 
311, it is possible to treat some cases studied in this paper. The author 
wishes to thank the referee for having suggested these references. 
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